ELSEVIER

Available online at www.sciencedirect.com

sc.sucs@o.“m

International Journal of Heat and Mass Transfer 48 (2005) 5504-5519

International Journal of

l'IEAT and MASS
TRANSFER

www.elsevier.com/locate/ijhmt

Steady ablation on the surface of a two-layer composite

Wen-Shan Lin *

Chung Shan Institute of Science and Technology, P.O. Box 90008-15-3, Lung-Tan, Tao-Yuan, 32526 Taiwan, ROC

Received 7 February 2005
Available online 17 October 2005

Abstract

Discovered is a quasi-steady ablation phenomenon on the surface of a two-layer composite which is formed by a
layer of ablative material and another layer of non-ablative substrate. Theoretical exact solutions of quasi-steady abla-
tion rate, the associated temperature distribution and end-of-ablation time of this two-layer composite are derived. A
criterion for the occurrence of quasi-steady ablation is presented also. A one-dimensional transient numerical model is
developed to perform a number of numerical experiments and hence to verify the correctness of the above theoretical
solutions for the current quasi-steady ablation phenomenon. Based on the current results, a new method of measuring

the ablation (or sublimation) heat is also proposed.
© 2005 Published by Elsevier Ltd.
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1. Introduction

The term “ablation” usually refers to the removal of
mass from the surface of a body by thermochemical and
mechanical processes. There are many applications
involving ablation. Typical examples are thermal protec-
tion systems of space vehicles or missiles, melting or
sublimation of a solid, medical surgeries and micro-
machining using lasers, etc. Transient heat transfer in
solids involving ablation is basically non-linear and gen-
eral exact transient solutions to this kind of problems
are not available. Even for the very simple idealized case
of Landau [1], which is appropriate for the ablation of
subliming materials, only a special case of large latent
heat could be solved for the exact transient solutions.
Since Landau, in 1950, presented his exact solutions
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[1], no other theoretical progress is achieved and it is,
to date, the only available set of exact solutions for abla-
tion in the literature.

In view of the difficulties of obtaining the exact solu-
tions, some analytical approximation methods for solv-
ing this kind of problems were proposed by Goodman
[2,3] and Zien [4,5]. Though these methods were shown
to be very useful in a few simple cases, but in general,
they could be very laborious and sometimes the numer-
ical calculations are needed since no solution in closed
analytical form could be obtained. There has been a
good review of the related literature by Potts [6].

In the present work, the quasi-steady (or just referred
as “steady” for brevity in the rest of this paper) ablation
process on the surface of a two-layer composite is inves-
tigated theoretically. To the best of the author’s knowl-
edge, the exact steady solution for this problem does not
seem to have been reported in the literature. The two-
layer composite is consisting of a layer of ablative mate-
rial combined with another layer of non-ablative
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Nomenclature

A A = o1/, ratio of thermal diffusivity

Cpi specific heat of ablative material, J/(kg °C)

Cp2 specific heat of substrate, J/(kg °C)

Nay, ablation heat, J/kg

H H = p1ha,00/(gexL>), dimensionless ablation
heat

ki thermal conductivity of ablative material,
W/(m °C)

ks thermal conductivity of substrate, W/(m °C)

K K = k\/k,, ratio of thermal conductivity

L, thickness of substrate, m

Gex external heat flux imposed on the heated
surface, W/m?

Gint heat flux at the interface between two mate-
rials, W/m?>

Oint Oint = Gint/gex, dimensionless interfacial heat
flux

K residual thickness of ablative material, m

So initial thickness of ablative material, m

S S = s/L,, dimensionless residual thickness
of ablative material

So So = so/L», dimensionless initial thickness of
ablative material

Se dimensionless residual thickness of ablative
material when 7= T,

t time, s

te end-of-ablation time, s

T T = opt/L3, dimensionless time

T, Te = opte /L%, dimensionless end-of-ablation
time

T dimensionless time at the start of quasi-
steady ablation

u; temperature of ablative material, °C

Uy temperature of substrate, °C

Uqp ablation temperature, °C

Uy backside temperature of substrate, °C

U initial temperature, °C

Uint temperature at the interface, °C

Us surface temperature at y =0, °C

U, U, = (1) — uap)/[qexLolk1], dimensionless
temperature of ablative material

U, Us = (s — uap)/[qexLolkr], dimensionless
temperature of substrate

Uy Uy = Up|x—,, dimensionless backside tem-
perature of substrate

U; Ui = (u; — ttap)/[qexLolk1 ], dimensionless

initial temperature

Ut Uint = (Uint — tap)/[qexLofk1], dimensionless
interfacial temperature

U, Us = (us — tap)/[qexLolk 1], dimensionless
temperature on the heated surface

v ablation rate, m/s

Ve ablation rate at the end-of-ablation time,
m/s

Us1 steady ablation rate proposed by Landau,
m/s

Vg2 steady ablation rate proposed in the present
work, m/s

Usat saturated ablation rate, m/s

14 V = vL,/a,, dimensionless ablation rate

Ve V. = v.L,/a>, dimensionless ablation rate at
the end-of-ablation time

Vg Vi1 = vg1Lo/on, dimensionless steady abla-
tion rate proposed by Landau

Ve Ve = voLo/on, dimensionless steady abla-
tion rate proposed in the present work

Viat Veat = Vsatlo/0n, dimensionless saturated

ablation rate

X axial distance from the interface, m

X X = x/L,, dimensionless axial distance from
the interface

y axial distance from the heated surface, m

Y Y = y/L,, dimensionless axial distance from
the heated surface

Greek symbols

o thermal diffusivity of ablative material, m?/s
o thermal diffusivity of substrate, m?/s

o1 density of ablative material, kg/m>

P2 density of substrate, kg/m>

Subscripts

0 initial

1 ablative material

2 substrate

e end-of-ablation

ex external

i initial

int interface

S surface

sl steady state proposed by Landau

s2 steady state proposed in the present work
sat saturated

substrate which is usually a backup structure. Materials
in both layers are assumed to be homogeneous and iso-
tropic and in good thermal contact with each other. This
two-layer composite is assumed initially at a uniformly

distributed temperature and then suddenly exposed to a
constant external heat flux on the outer surface of the
ablative material so that a phase change occurs and
the new phase is removed immediately on formation.
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The external heat flux could be provided by aerody-
namic heating or by radiation. While ablation continues
on the heated surface of ablative material. It is assumed
that the surface temperature is kept at a constant
ablation temperature which is lower than the melting
temperature of the substrate. The rear face of the non-
ablative substrate is assumed to be adiabatic. All
thermal properties involved in the present work are
assumed to be constant. Thus, the problem currently
investigated is basically the Landau’s idealized ablation
model [1] combined with a substrate of finite thickness.
The main purpose of this paper is to present the exact
solutions of quasi-steady ablation for this problem. In
Section 2, The governing equations are introduced first
and then transformed to dimensionless forms for brev-
ity. Theoretical analyses are performed in Section 3 to
obtain the exact solutions of steady ablation rate and
the associated temperature distribution in the two-layer
composite. Also derived are the solution of end-of-abla-
tion time and a criterion of the occurrence of steady
ablation. In Section 4, a number of numerical experi-
ments are conducted to verify the derived exact solutions
and finally the conclusions are presented in Section 5.
The exact solutions of steady ablation obtained in this
research are useful as benchmark data for numerical
models associated with similar non-linear problems.

2. Mathematical formulation
2.1. Governing equations

Consider a two-layer composite formed by a layer of
ablative material and another layer of non-ablative sub-
strate. The ablative material is considered to be acting as
an insulation for the substrate whereas the latter acting
as a heat sink for the former. As shown in Fig. 1, the ori-
gin of y coordinate is fixed on the heated surface of the
ablative material, thus, the materials are considered to
move toward the heated surface in a velocity of ablation
rate. For convenience, the origin of x coordinate is set to

Abiati,\’f Substrate
material
External —] Moving velocity (ablation rate v)
>
—p 5 u, u, E-,
. S I8
heat source: ES k (7. 2 g
— A 1 2 =3
@
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>
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Fig. 1. Schematic of the ablation/sublimation problem.

locate at the interface between the ablative material and
its substrate, i.e., at y =, thus

X=y-—s (1)

Therefore, the governing equation for the temperature
of ablative material is derived to be

%y Oup 1 %

67)/2+(U/a1)§_a71 ot (2)

Note that the second term of Eq. (2) arises from the

moving of material toward the heated surface. Similarly,

for the temperature of substrate, we have

62u2 _ 1 auz ( 3)

o2 a, Of

This is a conventional equation of heat conduction.
The boundary conditions for the above two equa-

tions are

(A) at the heated surface (y = 0),
aul

9ex = —h1 B ly—o 1 g <ty (4)

or

Us = Uyp (5)
(B) at the interface y =, i.e., at x =0,

Uy = Uy = Uint, (6)

Ou Ou

—higy b = g b = i (7)
(C) the rear face of substrate is assumed to be

adiabatic

auz

™ e, =0 (8)

The initial temperature of both ablative material and
its substrate is assumed to be uniformly distributed,
thus, at time 1 = 0, we have

Uy = Uy = Uj (9)

For the thickness of ablative material, the following
governing equation is given according to energy
conservation:

Oy ds

dex = —k Ty 0~ pl’%b&

If the temperature of the heated surface is lower than
ablation temperature, there would be no ablation, i.e.
ds

a:O if us < uy (11)

The initial condition for the thickness of ablative
material is given as

S‘t:O =50 (12)

if ug = gy (10)
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The ablation rate (i.e., the moving velocity of material)
v in Eq. (2) is defined as

V= —— (13)

Thus, the ablation rate is considered to be always
non-negative.

Egs. (6) and (7) represent the continuity of temper-
ature and heat flux at the interface between the ablative
material and its substrate.

For Landau’s idealized case, i.e., the thickness of the
ablative material is assumed to be infinite, if ablation
continues long enough, there are steady solutions for
ablation rate and temperature distribution. Hence, by
substituting %‘ = 0 into Eq. (2), the steady temperature
distribution is solved to be

((u”‘b%t;)) = exp(—vy/%1) (14)

where vy is the Landau’s steady ablation rate which can
be solved as

Gex
V] = 15
Y il + it (uay — )] (15)

Note that the above results of Eqs. (14) and (15) were
actually presented earlier by Landau [1] but in different
notations.

2.2. Dimensionless equations

For brevity, Egs. (1)~(12) can be expressed as the
following dimensionless equations:

X=Y-S (1la)
Temperature in ablative material

U, oU, aU,
o T oy Tar (22)

Temperature in substrate

FU, 03U,
™ o (32)
Boundary conditions are
(A) at the heated surface Y =0,
oU, .
W'Yio:_l if US<0 (43)
or
Uy,=0 (5a)
(B) at Y=, i.e, at X=0,
U1=U2=Uim (6&)
oUu oUu
- Ka_Yl ly_s = _a_Xz ly—o = Ok (7a)

(C) at the rear face of substrate, X =1,
oU,

§| -1 = 0 (adiabatic) (8a)
Initial condition (when time 7' = 0) is given as
U =U,=U; (9a)

The governing equation of ablative material’s thickness
Sis
oU, ds

j—i:o if U, <0 (11a)

The initial condition of the ablative material’s thickness
is
Slr—o = So (12a)

Observe that, from Eqgs. (2a)—-(12a), the three indepen-
dent variables of this system are X, Y, and 7, and the
three constant parameters, namely, 4, K, and H, would
govern the behavior of the system, whereas U; and Sy are
two parameters associated with the initial conditions of
the system.

Similarly, the dimensionless forms of Eqs. (13)—(15)
are obtained respectively as following:

ds

=—q7 (13a)

gf =1—exp(—VqyY/A) (14a)
A

V= 7 0 (15a)

3. Theoretical analyses

Both results of Egs. (14a) and (15a) for steady abla-
tion are based upon Landau’s idealized assumption that
the thickness of ablative material is infinite. However,
for more practical cases, the ablative material is usually
used as a thermal insulation for its backup structure and
has a finite thickness. Therefore, the effect of the sub-
strate cannot be neglected all the time. In this situation,
there are possibilities for the occurrence of another type
of steady ablation which is different from that of Lan-
dau. This section is aimed at the derivations of theoret-
ical solutions for this unique phenomenon and the
physical details of its occurrence.

3.1. Temperature of ablative material

It is assumed that U; in Egs. (2a)—(12a), under some
circumstances, has steady solution for Y coordinate, i.e.

U,
a7 =0 (16)
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Since U, in the above equation is assumed to be inde-
pendent of time 7, it is concluded, from Eq. (10a), that
the ablation rate is also steady and is represented by V,
Thus, Eq. (2a) becomes:

d*v, du,
dar? ~Ve/d) g7

By using Eq. (10a) and the boundary condition of
Eq. (5a), the temperature distribution in the ablative
material can be solved easily from Eq. (17):

(17)

A
U] :V—(HVSQ—1)[1—6Xp(—YV52/A)} (18)
s2
By knowing that U; = U, at position Y =S, the
temperature at the interface is obtained from the above
equation:

Ui = Visz(HVsz — D[l —exp(—=SVu/A4)] (19)

If the dimensionless residual thickness S is infinite,
thus by setting Vy, = V5, and Uy, = U, Egs. (18) and
(19) would then be reduced to Egs. (14a) and (15a)
respectively. Hence, the present results are fully con-
sistent with those by Landau [1].

3.2. Quasi-steady ablation rate

Differentiating Eq. (19) with respect to time 7 results
in the following equation for temperature increasing rate
at the interface:

dUin /dT = V(1 — HV o) exp(—SV/A) (20)

The heat flux at the interface can be obtained from
Eq. (18)

O = —dU,/dY|y_s = (1 = HV g) exp(—=SV/4)  (21)

Note that the residual thickness S in the above equa-
tion is a function of time, hence, Q;, is also a function of
time.

According to Ref. [7, p. 113], if the input heat flux to
the substrate at X=0 is kept steady as Q;, = 1, the tem-
perature in the substrate could be solved from Egs. (3),
(7), (8) and (9)

U(TX)*T—i—XZ X—i—l
o 2 3
exp(—n’n T cos(nnX)
-5 Z (22)
where U = %U represents the temperature response

of substrate to a single unit step input. Observe that
the exponential terms will decay out as dimensionless
time 7" becomes large. In fact, for 7 larger than 1, the
exponential terms in the above are negligible.

In our problem, Q. is obviously not steady. How-
ever, the solution in Eq. (22) can be used to construct
the exact solution of our problem. According to the

above equation and the Duhamel’s theorem ([7, p.
159]), the exact solution of U, can be obtained as the
following for a time-varying Qi

(U,-U;) [T dU(T —1,X)
—x - ~/I:0 Oine(7) Tdf (23)

Assuming that the ablation rate remains unsteady
until time Ty, thus, for time 7 > T,, the integration in
the above equation can be separated into two parts, i.e.,

(U, —U;) [T oU(T —1,X)
T—/ﬁ() Qim(T)TdT

T oU(T — 1,X)

+ Qim (T)

- e (24)

The first part (1 =0 ~ Ty,) cannot be obtained expli-
citly since there is no available transient solution for
Oint- On the other hand, the second part (1 =T, ~ 7T)
of integral can be obtained by using the known solution
of Qin in Eq. (21) for steady ablation. Hence, by substi-
tuting Eqgs. (21) and (22) into the above equation, and
assuming that 4/V2 > 1 and T> Ty, + 1, we have

(U2(T7X) - Ui)
KQint(T) mt le( )

T)
g S
)
(25)

Note that the last assumption (7> Ty, + 1) is not
necessary but just made for the simplicity of the deriva-
tion, this will be explained later. The details for the der-
ivation of the above equation are not shown here but are
attached in Appendix A. Differentiating the above equa-
tion with respect to time 7 and using the assumption
A/V2 > | again, it is obtained that

0U, /0T = KQ,, (26)

It should be noted that the substrate’s temperature
increasing rate in Eq. (26) is independent of position.
This means that, under some situations, the variation
of Qine With respect to time is so slow, compared with
the heat transfer speed in the substrate, that Q;, can
be regarded as quasi-steady and the whole substrate
would therefore has a uniform temperature increasing
rate which is proportional to Q.

Substituting X' =0 into the above equation, we
have dU;,/dT = KQ;,. Combining this expression with
Egs. (20) and (21) results in the following equation:

(Vo — K)(1 — HV ) exp(—SV/4) = 0 (27)

There are two possible solutions for the above equa-
tion. The first one (Vy = 1/H) is called the “saturated
ablation rate” which is corresponding to the special case
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that initial temperature just equals the ablation temper-
ature, i.e., Uy = U, = U; =0. This special solution can
also be obtained easily by solving the energy equation,
Eq. (10a). The second solution

Vo =K (28)

is the new discovered one and is different from that
of Landau (Eq. (15a)).

The above equation can be rewritten by using origi-
nal parameters

vy = ki/(pr¢pla) (28a)

It is observed from this equation that the steady abla-
tion rate is a function of physical properties and the
thickness of substrate. Hence the ablation rate is con-
stant and not a function of time, this is consistent with
the assumption of a steady state (Eq. (16)). In view of
the above equation, it is also known that the steady
ablation rate is independent of the external heat flux,
ablation heat, ablation temperature, ablative material’s
initial thickness, and the residual thickness. Hence, once
the steady ablation is achieved, it will be sustained to the
end-of-ablation, i.e., the residual thickness of ablative
material s will decrease linearly with time until the com-
plete recession of ablative material, and the temperature
at the interface will increase with time and approach the
ablation temperature. Though Egs. (28) and (28a) are
derived on the assumption of 7> Ty, + 1, they are actu-
ally applicable for T > Ty, because it is impossible to
have another steady solution for the time period
(Tsx +1) = T > Ty or else the solution will be discon-
tinued and the assumption of steady ablation for
T > Ty, cannot be satisfied.

By introducing Eq. (28) into Egs. (18)—(21), explicitly
obtained are the following equations of temperature dis-
tribution in ablative material, interfacial temperature
and its increasing rate, and interfacial heat flux for
steady ablation

U, %(HK — 1)[1 —exp(—YK/A4)] (18a)
Uine = é(HK —1)[1 — exp(—SK/4)] (19a)
dUiy /dT = K(1 — HK) exp(—SK/A) (20a)
O = (1 = HK) exp(—SK /4) (21a)

As shown in Eq. (18a), under the condition of steady
ablation, the temperature of ablative material U is a
function of Y only and is independent of time. This is
consistent again with the assumption of a steady state
(Eq. (16)).

3.3. Temperature of substrate
By substituting Eq. (21a) into Eq. (26), the temper-

ature increasing rate of substrate for steady ablation
can be expressed explicitly as

0U, /0T = K(1 — HK) exp(—SK /A) (26a)
This can be rewritten by using original parameters

klplhab> 1 exp (_ plcpls)
Pacmla) prcls Prcpln

(29)

Ou, /0t = (q -

As shown in Eq. (29), under the condition of steady
ablation, the temperature of substrate is not steady how-
ever and the temperature increasing rate in substrate is
independent of position and will become larger gradu-
ally to an upper limit while the residual thickness
approaches zero. Note that this upper limit is indepen-
dent of ablation temperature.

By introducing X = 0 into Eq. (25), and knowing that
Us| x—o = Uiy, the following equation is obtained:

(Uim(T) — Ul) _ 1 "To |
KQim(T) B Qim(T) -/r:() th(f) dr
— 2
+Vi52,2 {1 76Xp(7%) +%
(30)

Combining the above equation with Eq. (25), and

ehmlnatmg o )ﬁ Oui(t dH—V2 [1—exp(— ﬁ)“
glves the temperature distribution of substrate for stea-
dy ablation

XZ
UQ:Uim+KQim(7—X) (31)

where Uj,, and Qj,, can be obtained respectively from
Egs. (19a) and (21a). Note that this temperature distri-
bution is a parabolic function of X.

Substituting X=1 into Eq. (31) gives the backside
temperature of substrate

1
Up = U — EKQim (32)

Thus, the backside temperature of substrate at the
end-of-ablation time can be obtained

Ub|T:TC = —>K(1 - HK) (33)

The above expression can be rewritten by using original
parameters

1 (k1p1hay  Gelo
— Uy = < = 4
Up |t:te Uab 2 (kzpchz kz (3 )

In view of Eq. (29) or (34), a new method is proposed
here for measuring the ablation (or sublimation) heat by
means of measuring the backside temperature response
if other parameters are known in advance.
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3.4. Residual thickness and end-of-ablation time

For energy conservation of the whole system, we
have

Gext = P1(S0 — ) [ra + Cp1 (vtar, — 145)]

Ly

+/J10pl/ (Ul—ui)dy+Psz2/ (4 — uj)dx
0 0
(35)

After transforming, the following dimensionless equa-
tion is obtained from the above:

T= (SO—S)<H—%> Jr%/os(ul — Uj)dy

1 1
i | W vax (36)

Note that the first term on the right-hand side of the
above equation represents the latent and sensible heat of
ablative material that has been removed away by abla-
tion. The second and third terms on the right-hand side
represent respectively the sensible heat stored in the
residual ablative material and substrate. If the steady
ablation is achieved, thus, for any time 7 > Ty, the
temperature U; and U, in Eq. (36) can be obtained
respectively from Egs. (18a) and (31). Hence, Eq. (36)
can be integrated and the following relationship between
time 7 and the residual thickness S is obtained for
steady ablation

Ui) S+ U

T:S0<H—— (1 = HK)

e 3 exp(—KS/A)

A
(37)

Furthermore, by substituting S =0 into the above, we
obtain the end-of-ablation time for steady ablation:

Te=SH — 21— Z1__(] - HK) (38)

From this expression, it can be concluded that, for
steady ablation, the end-of-ablation time 7, is a linear
function of Sy, U, H, and 1/4. By knowing that
HK<1 (This will be proved later in Section 3.5)for steady
ablation and if T, is much larger than 1, it is obvious
that the last term in the above equation is negligible
and T, is almost linearly dependent on 1/K.

3.5. The criteria of the occurrence of quasi-steady ablation

In Section 3.2, it has been mentioned that, under
some situations, the variation of Qj,, with respect to
time is so slow, compared with the heat transfer speed
in the substrate, that Q;, can be regarded as quasi
steady. In other words, the relative variation of Qi is
very small, say,

(AQim)/Qim <1 (39)

during a time period AT whereas AT must be large en-
ough for substrate to achieve a steady temperature
increasing rate. According to Eq. (22), AT may be larger
than 1 for exponential terms to decay out, i.e.,

AT > 1 (40)

Dividing Eq. (39) by Eq. (40) and letting AT — dT yield
1 d0,,

— 41

Qint dar < ( )

Substituting Eq. (21a) into the above, and knowing that

(=) = ¥y, = K, we have the criterion

%>>1 (42)

Note that, in the derivation of Eqgs. (25) and (26), an
assumption of 4/7% >> 1 has been made. Hence, the cri-
terion derived here is fully consistent with that assump-
tion. Eq. (42) is believed to be one of the necessary
criteria which must be satisfied for the occurrence of
steady ablation. Hence, if the criterion of Eq. (42) is sat-
isfied, it is possible but not always to achieve a steady
ablation. On the contrary, if Eq. (42) is not satisfied,
there would be no possibility of the occurrence of steady
ablation.

The above equation can be rewritten by using origi-
nal parameters

kapacp

> 1 43
kipicp (43)

In view of the above, it can be deduced that the stea-
dy ablation of the present study can not be achieved if
the properties of substrate are close to those of ablative
material (;:Z% =~ 1). For the same reason, if substrate

1€p1
does not exist (kpp,c,> = 0), the current steady ablation
phenomenon would not occur either.

It has been known from Eq. (10a) or (15a) that, when
the initial temperature is equal to ablation temperature,
the ablation rate has its maximum as the saturated abla-
tion rate (Vg = %) This is the uppermost physical
limitation for all possible cases, hence, Vy, < Vi, After
combining with Eq. (28), we have

HK <1 (44)

Moreover, by observing the results of Eqs. (18a)—
(21a), it is also found that the value of HK must be
smaller than 1, or else these equations would lose their
physical meanings. This is consistent with Eq. (44). It
should be noted that Eq. (44) is not a necessary criterion
for the occurrence of steady ablation but just a derived
result while steady ablation is achieved.

It seems that the necessary criteria for steady ablation
to occur are very complicated. Except the one
(A/K*>> 1) that is obtained in the above, there should
be some other necessary criteria which must be all satis-
fied prior to the occurrence of steady ablation. More
works should be done on this subject in the future.
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4. Numerical experiments

Instead of conducting real experiments, a one-dimen-
sional transient numerical model for solving Egs. (2)-
(12) is implemented in order to perform some numerical
experiments and hence to verify the correctness of the
theoretical solutions in the above section. The method
of deforming grids is used for the ablative material in
this finite-difference numerical model. Hence, during
numerical calculations, the sizes and positions of nodes
in the ablative material may vary with time due to the
recession of ablative material. On the heated surface,
the ablation rate is calculated explicitly whereas the tem-
perature field is solved by fully implicit method. Lan-

A=0.01, H=20, U,

5511

dau’s [1] exact solutions for steady ablation of an
semi-infinite solid have been used to compare with those
obtained from this numerical model. Highly consistent
results, not shown here, are obtained and hence the
numerical model is proved to be reliable and valid.

Shown in Figs. 2-6 are typical results of ablation rate
by numerical experiments. From these figures, it is
observed that the dimensionless ablation rate would
approach a steady value of K before the end-of-ablation.
The variations of 4, H, U;, and S, are observed to have
no influence on this steady ablation rate though these
four parameters do have their effects on transient abla-
tion. This is fully consistent with the theoretical predic-
tion of Eq. (28).

-0.1,5,=0.4
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Fig. 2. Effects of thermal-conductivity ratio on the history of ablation rate, resulting from numerical experiments.
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blation rate, resulting from numerical experiments.
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Fig. 4. Effects of dimensionless ablation heat on the history of ablation rate, resulting from numerical experiments.
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Fig. 5. Effects of thermal-diffusivity ratio on the history of ablation rate, resulting from numerical experiments.

It is also observed that, in the beginning, there is a
short period of time of zero ablation rate since the sur-
face temperature has not yet been raised to the ablation
temperature. This time period of zero ablation rate is
usually called the “pre-ablation period”. After this pre-
ablation period, the ablation rate increases with time
and reaches a maximum at a later time. From the “exper-
imental” results shown in Fig. 3, it is observed that this
maximum ablation rate increases with the increasing of
initial thickness, and finally approaches a limit corres-

ponding to Landau’s steady solution V5 (this is the hori-
zontal dotted line in this figure). Beyond that, more
increasing of initial thickness would have no further
influence on the maximum ablation rate and the steady
ablation proposed by Landau is achieved because the ini-
tial thickness of ablative material is so large that can be
regarded as infinite. This steady ablation phenomenon
may sustain for a certain time until the residual thickness
is reduced to a smaller one and the effect of substrate is
no longer negligible. Hence, as the ablation proceeds,
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Fig. 6. Effects of initial temperature on the history of ablation rate, resulting from numerical experiments.

the ablation rate would gradually decrease from its maxi-
mum, and finally, before the end-of-ablation, approach
another steady value V, which is the new discovered
phenomenon as predicted by Eq. (28).

Presented in Figs. 7-11 are detailed results of a
numerical experiment corresponding to a typical case
of 4=0.01, K=0.004, H=20, U;=—0.1, and Sp=
0.4. The associated theoretical solutions are also shown
in these figures for comparisons.

Fig. 7 shows the results of function f{U;) which is
related to the temperature distribution in ablative mate-
rial. The function f{U)) in this figure is obtained from
Eq. (18a) with the following definition:

UK

f(U) =1In (1 —m)/(—KS/A) (45)

Thus, the theoretical steady solution of f{U;) is derived
to be Y/S which is the solid line shown in Fig. 7. The
various symbols in this figure are corresponding to the
“experimental” results at different times. It is shown
that, as time goes on, the “experimental” temperature
distribution gradually approaches its theoretical steady
solution. This proves the correctness of Eq. (18a) for
describing the steady temperature distribution in the
ablative.

Fig. 8 shows the temperature distribution of sub-
strate as ablation proceeds. The solid line corresponding
to the theoretical solution of steady ablation is also
plotted for comparison. The various symbols in this
figure are corresponding to the “experimental” results
at different times. Observe that, as time goes large, the
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Fig. 7. Comparisons of the theoretical temperature distribution in ablative material with those from a numerical experiment.
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Fig. 9. Comparisons of theoretical to numerical history of residual thickness of ablative material.

temperature distribution in the substrate gradually
approaches its theoretical solution, namely, a parabolic
function of X. This supports the validity of Eq. (31)
for describing the temperature distribution in the
substrate for steady ablation.

The specific value of 36.78 in Figs. 7 and 8 is actually
the time of the last time step just before the end-of-abla-
tion in the numerical experiment for the typical tested
case. In fact, the end-of-ablation time could also be pre-
dicted theoretically, by Eq. (38), to be 36.69, which is
very close to the specific value of 36.78.

Fig. 9 shows a comparison between ‘“‘experimental”
dimensionless residual thickness and its theoretical solu-
tion. Note that, as time goes long enough, the experi-
mental result fully matches the theoretical solution and
hence Eq. (28) is proved to be correct.

A comparison of “‘experimental” interfacial tempera-
ture Uy, with its theoretical solution for steady ablation
is shown in Fig. 10. It is shown that the “experimental”
result perfectly agrees with the theoretical solution
as time goes long enough. Therefore, the validity of
Eq. (19a) is proved.
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Fig. 11. Comparisons of theoretical to numerical history of backside temperature of substrate.

As shown in Fig. 11, the backside temperature U,
from a numerical experiment is compared with its theo-
retical solution. Good agreement is obtained as time
goes long enough. Hence, the solution of backside tem-
perature, Eq. (32), is considered to be valid.

From Fig. 7-11, it is observed that the end-of-abla-
tion time of this numerical experiment is 7, = 36.78,
which is nearly identical to its theoretical value
T. = 36.69 from Eq. (38). This supports the correctness
of Eq. (38).

Fig. 12 shows the relationship between the end-of-
ablation time T, and the two parameters, H and S.
Fig. 13 shows the relationship between 7, and the other

two parameters, K and 4. “Experimental” and theoret-
ical results are both plotted for comparisons in these two
figures. The various symbols in these two figures are cor-
responding to the “experimental” results and the lines
corresponding to theoretical solutions (Eq. (38)). As
can be seen from these two figures, there are perfectly
good agreements between the theoretical and ‘“‘experi-
mental” results. Hence, Eq. (38) is believed to be valid.

Fig. 14 shows the influences of A/K> and S, on V,
which is the ablation rate at the end-of-ablation.
“Experimental” and theoretical results are both plotted
for comparisons in this figure. For conditions that
A/K*>> 1, the “experimental” results are observed to
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be in good agreement with the theory for steady abla-
tion. However, while A/K? become smaller, V. is ob-
served to gradually deviate from the theoretical value.
This means that the theoretical solution for steady abla-
tion is no longer valid and proves the correctness of Eq.
(42) as one of the necessary criteria for the occurrence of
steady ablation. Also observed from this figure is that
the dimensionless initial thickness S, of ablative material
seems to have no influence on V, no matter whether the
steady ablation is achieved or not.

Fig. 15 shows the influence of 4/K* and 4 on V./Vy
which means the ratio of ablation rate at the end-of-
ablation to theoretical steady ablation rate. It is shown
that, while 4/K>>> 1, the “experimental” values well
agree with the theoretical ones (ie., V./Vs =~ 1). On
the other hand, while 4/K> becomes smaller, the errors
would gradually become significant especially for those
with larger A. This means that Eq. (42) is indeed one
of the necessary criteria for the occurrence of steady
ablation.
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5. Conclusions (2) The dimensionless steady ablation rate Vi, is
proved to be exactly equal to the thermal-conduc-
Based on the results of the current study, the follow- tivity ratio, K. Other parameters, such as 4, H, U,
ing conclusions can be drawn: and S, are shown to have no influence on V.
(3) While the steady ablation of the current study is
(1) Discovered is a quasi-steady ablation phenome- achieved, the dimensionless temperature profile
non on the surface of a two-layer composite which in the ablative is shown to be in an exponential
is formed by a layer of ablative material and form, and is independent of time also, whereas

another layer of non-ablative substrate. in the substrate the dimensionless temperature
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profile is a second-degree polynomial. Moreover,
the temperature increasing rate in substrate is
proved to be independent of position.

(4) An exact formula of the end-of-ablation time is
derived for steady ablation. This dimensionless
end-of-ablation time is proved to vary linearly
with H, U;, Sy and 1/A4.

(5) A criterion (A4/K*>>> 1) for the occurrence of
quasi-steady ablation is obtained.

(6) Numerical experiments are accomplished by using
a one-dimensional transient numerical model and
the “experimental” results are shown to well agree
with the theoretical solutions. This proves the
correctness of the above theoretical results.

(7) A new method is proposed for measuring the

ablation or sublimation heat by means of using

Eq. (29) or (34) and measuring the backside

temperature response if other parameters are

known in advance.

It seems that the necessary criteria for the current

steady ablation to occur are very complicated.

Except the very one (4/K>>> 1) obtained in the

current study, there should be some other neces-

sary criteria which must be all satisfied prior to
the occurrence of steady ablation. Further studies
are needed on this subject.
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Appendix A. The derivation of substrate’s temperature

According to Duhamel’s Theorem ([7, p. 159]) and
for any time T > T, the substrate’s temperature U,
can be described by Eq. (24):

(U, -U;) [T U(T —1,X)
L= [ on = e
r oU(T — 1, X
[ 0@
=T, or

Let the first part (1 =0 ~ Ty,) on the right-hand side be
represented by E; and the second part (t = T, ~ T) by
Ez, i.e.,

[T dU(T —1,X)

E, = - Qim(T)TdT (A1)
T oU(T — 1, X

Ez = Qinl(‘c) %df (A2)

1=Tg

The first part (t =0~ Ty,) cannot be obtained in
closed form since the theoretical solution of Q;,, in this
transient period is not available whereas the second part
(t=Tgx~ T) can be integrated by using the known
solution of Qi in Eq. (21).

In virtue of Eq. (22), we have

2

T UT-1X)=1 +2i exp[—n*7*(T — 1)] cos(nnX)

n=1

(A3)

Substituting the above equation into Eq. (A.1) and
assuming 7> Ty, + 1, therefore the exponential terms
in the above equation are negligible, thus we have

Ts
E, = Qint(r) dr (A4)
=0

Similarly, by substituting Eq. (A.3) into Eq. (A.2),
the following expression is obtained:

T

E, = O (1) dr 42 i cos(nnX)

=T n=1
T

x [ Q) expl—ntmd(T — 1)) de (A.5)

=T
Let the first term on the right-hand side be repre-
sented by E; and the second term by E,. By introducing
Eq. (21) into the above expression, E; can be obtained as

the following:

E; = %Qim(T) {1 — exp (— %H (A.6)

whereas E, is obtained as

E4 = 2(1 — HVsz) Zx: [COS(I’!TZX) . 15,,] (A7)

n=1
where Is,, is defined as

T
Is, = / exp [fnznz(T —1) —

=To

SEVe (T/)l Pelgr  (A8)

Since it has been known, for steady ablation, that
S(r)

=T, — A9
T v, (A9)
Thus we have
dt=— dS—(T) (A.10)
VSZ

Substituting Eqs. (A.9) and (A.10) into Eq. (A.8), we
have

v T R e I
(A.11)

where S is called ““the critical thickness for steady abla-
tion” which is the dimensionless residual thickness at
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time Ty,. By assuming 4/V2 > 1, the above equation
can be reduced to

I, = XSV /4) {1 —exp [(S ~5) ”;”T } (A.12)

n2m? )

Substituting the above equation into Eq. (A.7) and
combining the known relation (S, — S) =(7T — Tu) Ve
for steady ablation, we have

£~ 200 > [N (1 - exp [-(7 - 1))}
(A.13)

For brevity of the following derivation, it is assumed
that T> Ty, + 1, therefore, the exponential terms in the
above can be neglected. Thus, the above expression can
be reduced to

N >~ [cos(nnX)] X? 1
Ey =204, Z {7} = Oint (7 -X+ §>

n2m?
n=1

(A.14)

According to the definitions in the above derivation, we
have

(U, -1y

X :E1+E2 :E1+E3+E4 (AIS)

Hence, by introducing Egs. (A.4), (A.6) and (A.14)
into the above equation, it is obtained:

(UL(T,X) - U))

14

1 To
; d
Ko7 =) |y OmI

e

s2

X? 1
——X+= 2
+ ) + 3 (25)
This is Eq. (25) which describes the temperature of

substrate.
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